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ABSTRACT

Horizontal density gradients are often present in estuaries.
These gradients exert a torque which can induce a flow that may aid in
reducing the residence time. Using simple models, the influence of a
horizontal density gradient on the residence time of a shallow, well-
stirred lagoon was investigated. Under steady-state conditions and with
scaling taken from the southeast Florida lagoons {Biscayne Bay and
Card Sound), it was found that density-induced motions do not contribute
substantially to flushing the lagoon waters. However, as an estuary's
depth increases or, if the horizontal density gradient is large, density-
induced flow can be significant. A graphic approach is presented which
can be used to determine density-induced residence time from knowledge

of the horizontal demnsity gradient and the water depth,

KEYWORDS
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DENSITY-INDUCED MOTIONS IN SHALLOW LAGOONS
by
DONALD R. JOHNSON AND THOMAS N. LEE
INTRODUCTION

Neither the residence times nor the dominant flushing mechanisms are
established with certainty for the shallow intraccastal lagoons which cccur
along southeast Florida, To guide observational programs, however, it is
important tec develop a feeling for the kinds of mechanisms which may be
important and to eliminate the othera from principal consideration. In this
study, two cases are Investigated in which the horizontal density gradient
plays the major role in inducing water motions.

In the ghallow Intracoastal waters of southeast Florida, tide and wind
mixing are of sufficient strength to maintain vertical near-homogeneity in the
water column. However, because of river runoff and because of seasonal inso~
lation, together with evaporation and precipitation in the shallow water, a
horizontal density gradient is normally present between the interior portions
of these lagoons and the exterior pertions which are partially open to the
Florida coastal waters. The objective of this study is to determine if these
horizontal density gradients induce water motions of sufficient intensity and
direction to influence the residence time within the lagoon.

The authors have chosen to investigate, first, the steady condition in
which both wind and tidal mixing are assumed to be constant over & complete
tidal cycle, and second, the time-dependent influence due to the reduction
of mixing during slack tide. The mathematical model will be developed,
scaled, and analyzed for a simple steady state case, which neglects the
input of mean wind momentum, and then applied to a more complex case which

includes the effect of density-induced accelerations during slack tide.
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DEVELOPMENT OF THE SIMPLE CASE

X . alivne ith their
The intracoastal lagoons of southeast Florida are aligned wi

i i inate system
major axis running in a nearly north-south direction. The coord

s g j inti along the
for this model (Fig. 1) will have the positive y-axis pointing north :4

; i of the lagoon,
major axis, the positive x-axis peinting east toward the exterior

i igi i inate system
and the positive z-axis pointing up, The origin of this coordir Y

will lie at the surface and at the inside of the lagoon.

i jor axis
Since the isopycnals are, to first order, aligned along the maj

ns in
(Lee and Rooth, 3, 4), the simple steady state case will neglect variatio

i hich
the y-direction, An implication which runs throughout this work, and whi

helps to simplify a complex situation, is that only interior portions

of the lagoons are delt with. By assuming that the relatively thin side

. . . .. a
wall boundary layer acts only to maintain the boundary characteristics of

. ; i ithin
more slowly varying interior, the larger and more complicated gradients with

the side wall boundary layer can be neglected. The momentum equations,

continuity equation, and equation for the conservation of density are written as:

-fv A, “Aplyy = -aP

(1)
X

fu -Av_ 'Ahvxx = 0 (2)
g = -aP (3)
ux + NZ = 0 (4)

+ W - - =
"'°x oz Kozz lchpxx 0

(5)

where [U,V,H,p,

P,g) correspond to commonly used definitions for velocity
companents, densjty, pressure, and the acceleration of
£ 3% the Coriolis parameter,
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Figure 1. Schematic of intralagoon coordinate system




Austauch and diffusion coefficients; and Ah and Kh are X-compeonent horizontal

Austauch and diffusion coefficients, respectively,

Assume that the variables ¢an be broken into a vertically averaged part

plus a vertically dependent part:

function of function of
X only X and z
i i T
(U,V,W,D) = GsvswlpJ + (ut’vl,hﬂ’p?). (6)

This will be usefyl since the vertical vartation of p is small and, therefore,

can be treated as an anomaly, Three 8implifying assumptions act to restrict

the vertically averaged current within the lagoon: (1) steady state, (2) no

sources or sinks of current at the x-houndaries.

Then,

and (3) no y-gradients.

u = u'(x,z)
Vo= V(x) + vt (x,z)
W= w'(x,z

P =5(x) +p'(x,2)

but ¢ - G(1) and p' . 0(10™3) or less, so that p>5pt,

Expand Eqa, 1,2, 4, and 5 1p terms of Eq. 6 and take the vertical

dertvative of Eqs. 1 and 2;
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-fv! -Au' -A? = -aP -a P = agp (7)
Vi MMy, Ah ZXX “xz %2 x 80y
PeAV!  -A WY =0 (8)
fuz VZZZ Ahzxx
Qe Wt = 0 (9)
X Z
'y 'a' _¥o'! Ko =0 10
u px+sz KOZZ th)()( ( )
where it has been assumed that p>>p?, 5X>>p;.and Exx)}p;x and that the
buoyancy effect of the pressure term, asz, is negligible (since we are
assuming near-homogeneity in the vertical, there will be little influence of
buoyancy on vertical motions). It will be useful, at this time, to define
stream functions for the current field. From Eq. 9:
T = _q1
wz = -u
(11)
?l__w! .

SCALING
It is expected that the heavier water from one side of the lagoon will flow
along the bottom toward the region of lighter water and that the lighter water

will return along the surface; hence, the vertical profiles of current and

density will be nearly modal in form with the function <cos Ilﬁiﬂl-. Then, vertical
derivatives can be scaled as %E-M % 254 where the asterisk signifies a scaled
variable. Horizontal derivatives in momentum will be scaled as %;—~ % %;;

Ssince the width of the basin essentlally represents a half wave length for cross
basin momentum, Horizontal derivatives in p will be avoided by carrying along
the value of px» Horizontal derivatives in p,, however, will be scaled as %—.

The variables are scaled as follows:
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t o= *
&z U¢z
vl o= VYyx
w!' = Ww*

- *
Dz pZ [
_t %
Px * Px Py

ot —*
Pex = (/L) B

Applying these scales and using the stream function definitions, Eq. 11, then

Eqe. 7, 8, and 10 are rewritten as:

nfvy | 3y . TraAhU —*
-(T) V2 ! ( H3 )wzzzz 4'( HL2 ) w;zxx N (agpx)ox 12)
_(n-f_'p-) . (ﬂJAU) . TT3 V) .

T A A3 Vizz © ( L2/ Vyxz = 0 13)

u o TerZ
- *
lin,) V2 0t (sz] ey - ( H

Pt <(12) 2,

fo avoid tluttering the €quations, the asterisks over the differentiating

Variabies have been dropped,

(e L Aph? sy .

(“M U) 2t Tz22 ( ALE) l"';z:\cx = (n%lajﬁ;() 5x - (15)
Ry L A

(ﬂz;\)(y) Lo V:zz -( ALZ) V;xx =9 (16)

(17)




An estimation of the vertical Austauch coefficient can be made if it is assumed
that the entire water column lies within the friction layer and that the
mixing length increases linearly from the bottom. Then, an average value for

A is given as:

0
A~ Eﬁ*— zdz = E%xﬂ '
~H

where k is the Karman coefficient ~ 0.4 and u, is the characteristic friction

speed estimated from the total stress on the surface and on the bottom, given
by:
T\ 2
uo- ()7
It is assumed that, due to strong mixing, the Prandtl number Pr = %—~ 0(1).
Elder (3) has determined the effective horizontal dispersion coefficients
in the turbulent shear flow (logarithmic) in a wide channel where the main
flow is aligned along the channel axis, This compares well with the situation
in the south Florida lagoons where the tidal flow is mainly in the longitudinal
direction, Elder found that the horizontal dispersion coefficient in the
longitudinal direction (y) was given by the relationship, 5.9 uH; in the cross
channel direction (x), by the relationship, 0.2 u,H, These relationships were
also used in a numerical model of Biscayne Bay, Florida, by the Department of
Coastal and Oceanographic Engineering at the University of Florida {(Dean, 2).
Assuming that the horizontal Prandtl number is also of 0(1), then Kh = Ah ~ 0.2 uH.
Therefore, Ah ~ 0(A) and Kh ~ 0(K),
The following scales are selected as characteristic of the intracoastal
lagoons of southeast Florida, more specifically, Card Sound, Florida:

H=3x 102 cm

1]

L=25x 10°cm
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by, = 5 x 1072 gms em™"
u, = 0.5 cm sec’ !
f =5 x 10> sec !

2 cam ]
A = 2uH =30 cm %€
A~ O(A)
Kh ~ 0(K)

From Eq, 16, the ratio of friction terms provides:

Ah HZ -
oz - 000 73.

Then the significant balance in Eq. 16 is:

..Ll ﬂzh:E
VORI T Yk

where [Ek is the Fkman number. Its value is Ek - 0{70).

value implying that the Coriolis term is negligible in comparison to frictional

This is a very high

stirring and that V is negligible compared to U. With this sraling, the ratio

of the Coriolis to friction terms in Eq. 15 is of the order L - oo "),

B
Merefore, the significant balance must be between the friction term and the pressur

term.  This balance provides the relationship:

agp
U - X 1 !
e 010 *} cm sec !,
With the help of the continuity relationship to find W-—%U and with the
relationship above given for U, the equation for density, Eq. 17

s+ Can now be
investigated:

s *
- RaCEY w5+ Ray By wepr L oon o %, H Pe. -*
OZ sz (Ra}) (L) ‘{‘XDZ Dzz (‘E“‘) (;’E ) (B')Zi) p)':x



where Ra, the Rayleigh number, is defined as:

_ agH*
Ra = ZEbx - 0(,5),

Since %’“ 0(1073), the vertical advection term is small compared to the vertical
diffusion term and can be neglected. Comparing the horizental advection term to
the horizontal difussion term gives a ratio of the two terms as (%%)(%;)Ra.

In the interior of the lagoen, where Kh ~ O(K), this ratio is large.

Then, in this region, horizontal diffusion is neglected in compariscn to
horizontal advection. Conversely, in the side wall boundary layers, the
horizental diffusion term is expected to be large, However, according to

the initial assumptions, this layer is thin and negligible in formulating

the interior dynamics. The remaining balance between horizontal advection

and vertical diffusion provides:

Pz . ora)
Px
which gives a value for o, of the order 0(10 ) gms cm ,

With the values now available, an estimate can be made of the rate of
change of density across the basin due to the flux of mass from the high density
side to the low density side. The total flux through a unit area normal to
the direction of flow is determined by the average over the depth;

0
Fr = 1 u'ptdz.
§
-H
In scaling notation, an estimate of the vertically average flux is;
H

F=1Up

, = = 01078} gms cm 2sec” 1,

By
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The rate of change of density is governed by the convergence of this flux:
F = E{-: 0(6 x 1071%) gms em ¥ sec !,

Finally, the time needed to eliminate the horizontal density gradient (assumed

constant across the lagoon) is defined as the residence time scale Tr:

Residence time scale = Tr = Lo JF_ = 10° years. (18)
It is evident that this process, for the scales represented above, 1s
insufficient as a mechanism for reducing the residence time. Since Eq, 18 is
a complicated function of the basic input parameters, particularly of u,, H,
and Py there exists a range of values for which this mechanism is important.

However, before investigating this range, the equations will be solved and the

scales checked for validity,

SOLUTION OF THE SIMPLE CASE

Using the results of scaling to eliminate unnecessary terms, the equations

to be solved are:

*

“P;ZZZ i p.‘( [lg}
ok
e TN @

with the following boundary conditions for Eq. 19:

(1) ¥*(0) = 0 at z = 0
(11) y*(-1)= 0 at z = -1
(I11)  ¥:(-1)= 0 at z = -1
(1v) ¥ (0)= 0 at z = 0,

Boundary conditions (1) and (IT) result from ith> condition o . ro tia .. pu.
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in the x-direction. Boundary condition (III) stipulates "no-slip" on the
bottom and (IV) assumes no wind stress at the sea surface,
The two boundary conditions for the density equation, Eq. 20, are:
V) py(-1) =0
0
(VI} ]' p*dz = 0
-1
where (V] stipulates that there is no mass flux across the sea bottom and (VI)
comes from the basic definition of p”. Because of the symmetry involved, it
also turns out that p;(0)=0.
The solutiqns for Eqs. 19 and 20 are found by simple integration
of these equations and the application of boundary conditions (I) through (VI).

The solutions are:

or e {213
Pfd4 4 3 1
L —_ 3 — 2 - —
u 8)‘(3 z3 v o2 6)
_*
()% fz°> 2% 22 1
* - . M ol - o = —_
P 8 \15 '8 " 12%73 (22)

with conversion scales of:

3 5.2
ut = (0"82 Dx) u* and p' = (agil(px)p*'

The factors of » have been removed since they specify the shape of the profile,
This shape is now determined by the boundary conditioms. Since _px has been
assumed a constant throughout the interior of the lagoon, w' is zero; and, hence,
\I‘; = 0,

A plot of normalized u* and * wversus normalized depth (%}is glven in
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Fig. 2, where u* and ¢ have been normalized by thelr respective maximum values,
* »

] 1
u*(0) and ¢*(0), and z has veen normalized by H. To convert back to u' and p',

3
b 31 4L8A and
multiply the graph values of u*(z)/u*(0) and *(z)/ *(0) by ag px”

am-{5pi/576AK respectively, This procedure yields the following magnitudes:

ut{b} = 0,092 cm sec !
p'{0) = 1.15 x 1077 gms cm" 3
F'' = 4 x 1079 gns cm™2 sec”l,

The values for u'(0) and o' (0) compare well with their respective scale values,
The value for the mass flux, ¥!, compares to a value of 1078 pns cm™2 sec”]
determined from scaling. The il)—order of magnitude difference can be accounted

Lo . 3
for in the scaling of the vertical derivative of u': if the value {% A had
been used which corresponds more closely to the profile in Fig, 2 than the
m

value (“]—g?“ the two magnitudes would have been nearly equal. It is suspected,

however, that the propesed mechanism will be more important in deeper water where

the bottom frictional layer, which accounts for the g—[ scaling, is not as

significant. Therefore, the scaling will he dccepted as it exists; and a

scarch will be made for a range of parameters in which the density-induced flow

is significant,

INVESTIGATION OF THg

RESTDENCE TIMg SCALE FOR THE SIMPLE CASE

- To generalize the study,

15 how assumed that g constant of proportionaljty B exists which ¢An ascame a
range of values; then A - Bu_H

Using this assumption and reducing the residence time scale, Eq. 18, to the
basic Parameters giveg:

E———
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Figure 2. Depth profiles of normalized u* and p*
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77 L2333 L2833
" (i) - v (w23 @
The residence time scale can be understood in terms of 1ts basic parameters,
The horizontal distance over which advection must occur is L.  The longer this
distance, the longer it takes to change the horizontal gradient, A measure of
vertical exchange is given by Bu,, As vertical exchange increases, the
horizontal flow js reduced, which, in turn, increases the residence time. The

cffect of W can be compared to that of a torquing arm: as j increases, the

horizontal density gradient cap apply more "leverage' so that the flux increases

and Tr diminishes, The basic forcing is P ~-the greater this forcing the smaller

the residence time, The Prandt! number determines the "short—circuiting" of

the system; i.e., for amall Pr, the material diffusges rapidly from the outflowing

current to the inflowing current and, hence, remains in the system, Then, for

4 small Pr, the residence time is long,

This estimate of residence time is valid for any conservative material in
the water column; Pr then becomes the ratio of momentum diffusion to the

di ffusion or that material, Tg determine the range of H and u, for which this

approdich iy villid, it s necess:

Term domimated the Coriolis term, It ig Teasonable to assume that this approach

) o
s ovalad toy ff D001 i.e.,

HYf2  page2

nhp2 < nnaﬁug AR N

Using the svale vylues for U, 8 and f then:
' :

H o« 2 Pu
! 3n F - 60 meters. (1st criterion)

o1 til ti1 al an ) :)'IIJ"I'IIJ i an 5

A d lmportant 255 o wa made that p' be ml.lCh Smallel th n

i - ln .‘it‘a]cd notation o' 1‘3 e i —— WIIeIe t]le Iadle"t lﬁllg
Stlmated as LI[ Toa g i

e —
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scale associated with p' is -1[?. Expand Ra in terms of its basic components _

and assume that p;{ < .lpx . Then,
3
gHp Pr) < 0.1,
pmoRLNZL —

Using the scaled values for Pr, u,, f and L, this becomes:

H3px < 150 gns cm 1, (2nd criterion)

Thus;a limit of validity for this approach is established using the two criteria.
Figure 3 shows a plot of residence time as a function of H and Py using

the following parameters:

L =5 x 10° cm
R = 0.2

u, = 0.5 cm sec !
Pr = 1.

Referring to Fig. 3, it is clear that, for the very shallow lagoons of southeast
Florida, the horizontal density gradient would have to be extremely large for
density-induced flows to be of importance., However, for the deeper bays and
for the coastal regions of the ocean, this mechanism could be significant,

Using Eq. 23, it is easy to see how a change of parameters would
affect the residence time. For example, doubling the Prandt! number would
teduce the residence time by 0.5 and halving 8 would reduce the residence time

by 0.125. Either of these cases are well within the range of possibility,

ACCELERATIONS DURING SLACK TIDE

In the shallow lagoons of southeast Florida, it is clear that the presence
of strong mixing is sufficient to nearly eliminate the internal advective motions
hich might otherwise be induced by horizontal density gradients, If stirring

¥ere to suddenly drop toward zero, however, the horizontal density structure



16

I 0‘7 -

1078

llll]

Pylgms crmi4)

L=5x105%¢m
B=-2
Ue="5cm sec™!
Pr=|
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would tend to become unbalanced and to "collapse” in such a fashion as to increase
the horizontal flux. This condition may occur during periods of slack tide
when the winds are light, The question to be answered is "Does this collapse
occur over sufficiently long enough time and with sufficient intensity to
substantially decrease the residence time?"
To answer this question, the acceleration terms are included in the
system of Eqs. 7-10, and the time derivatives as %H, %Y', %’. where T
is the effective period of slack tide. This period corresponds to the time

turing which the horizontal density gradient is no longer balanced by vertical

{iffusion of momentum, The momentum and diffusion equations are now written as:

m 8UY L nfvyY odau) . feex Y-
(H f'—)"zt B (T) Vs '( H3 ) Yizz T (%x)px (24)

LIF-UA WA GV WY (T V3 I

(H T )vzt+ (H ) Z (H )vzzz 0 (25)
S0 or v o) urp, - (X222 Jor =0 (26)

AT t X X H zZZ -

The horizontal friction and diffusion terms have already been seen to be
negligible. The vertical friction and diffusion terms &re now considered to
vary as [A,K]~[A0,K0) |sinot| , where o is the angular velocity of the tide.

To determine the period of effective slack tide, the momentum balance is
assumed to occur as before (friction balancing pressure) and the derivative in

time is taken of this balance and compared to the steady state as follows:

3

U —gE—I—LIH e
pm AO sinot
gh’p 0 |cotot
Ut praA

= [sinot = Uo|cotot],

2
. . ; T<Al -
The ratio of acceleration compared to vertical diffusion of momentum, s » Bives:
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H%4s | cotot
HzAOU singt| .

The time during which accelerations are dominant ocecurs when this ratio is

greater than unity;or when:

Cotot 72
singt oH2

Using the previous scale values and assuming a semidiurnal tide, this gives:

at < radians

|
It |
3, ]

Or a total period of %E of the tidal cycle; i.e,, SO minutes. Since

f<<%,_the Coriolis terms can again be neglected.,

The significant balance of terms in Egs. 24 and 26 will then

provide the following estimates of U and Sp:

su . S8Ho,T
T

sp . EHadT?

= 2 x 1075 ¢y sec-!
T

~ 1.5 cm sec-1

where T is 5p minutes, The scaled Flux of mass during the period of slack tide

¢an be approximated as:

0 T

11 242,373

F H?J’ JGUGDdtdZ - g;T"z—pTx——
-H 0

Using the previous
scales, F - 3.7 x 10-¢ gm cm-2 gec-1, However, since the time duration is only-;-s-
of the tidal cycle, occurring twice during each tycle, this gives an effective
fluc of abour 5 X 107 gm cm2 gec-1 for the entire Cycle or approximately S0
tines the estimate for the steady state case, For the shallow lagoons, the
Tesidence time is then gpout 20 years which is still insignificant as a

flushing mechanjsy,

e ——
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A simple formula for the residence time, derived in the same manner as the

steady state case, is;

8mlp2 L2

-5
7 Wi T 84 x 10

Tr -~

where o is the angular velocity of the tide and

determined from the relationship:

cotot nlAg
singt oHZ2

It is doubtful that these estimates can be
situations since the time it takes for a change

2
throughout the water column (*- “—[}i) would be on

L2
HZp J(3OT :

T is the duration of slack tide

extended to the deeper water

in botrom stress to be felt

the same scale as the duration

of slack tide;i.e., residual stirring effects may be present during slack tide.

SOLUTION OF THE ACCELERATION CASE

Using the results of scaling, the equations for motion and density during

the period of slack tide are:

u* =
zt px
or = ukp.
t x

with the conversion scales:

W - (gtleﬂl) "

. [gpZT?Y
pt = -—7fL-p

where the n's have been omitted since they are profile shaping factors, The

boundary conditions are:

(27}

(28}



= 3 2
(1) u* (z,t=0) = _ Py [z 322 1
( ) TEA\FT 3 6
0
(IT) u*(z,t)dz=¢
-1
*
=¥ 5 y 2
(III} p*(z,t=0y = - LEX)_ - A -l-—-
( ) Y, 8 15 ' 3 1z * 7

¥

Pr is the Prandt] Number,

The solutions to Fgs,

are:

u*

p*

Pr 2

1]

27 and 28

e )
=e ot (Z+‘2']-Y

- - G2

» using boundary conditiens (I} - (1II1)

. 3 u
bx (427 , 322 l) (29)
1 8 2 2 6
1, t*2 ¥ 4 3 3 2___1_ x
[f“f) i ?ﬁ(‘s‘z*;z 6/

réspectively, Figure 6 shows a plot of

The average density flux for the
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.0 -8 -6 -4 -2 0 4 4 6 :
L 1 1 N i
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--2_
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=6 -1
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-8
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-1.0-
Figure 4. MNormalized depth profile of u* as a function of time

(in minutes) from Eq. 29
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p*
W op 6 4 2 o 2 a4 & 8
-2
p—SCALE: 18 x 103 gms cm™3
_.4-
z
H
-6
-.8_
o{ jio {20 40
-.0
Figure 5. Notmalized depth profile of @ as a function of time

{in minutes) from Eq. 30
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TIME {(MINUTES)

Figure 6. Density flux as a function of time (minutes)
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duration of slack tide is calculated as 3.72 x 10~° gms fcm_2 sec-l vhich tends
to verify the scaling relafions.

The conclusion remains the same: for the shallow lagoons of southeast

Florida demsity-induced accelerations during slack tide are not sufficient

to affect the residence time,

SUMMARY AND CONCLUSIONS

Using simple wodels, the influence of a horizontal density gradient on

the residence time of a shallow, well-stirred lagoon was investigated. Under

steady state conditions and with scaling taken from the southeast Florida

lagoons (Biscayne Bay and Card Sound), it was found that regidence time

resulting solely from density-induced motions was on the order of 1,000 years.

If the stirring were provided only by the tides, it was determined that

during slack tide the available potentia] eénergy contained in the horizontal

However, the best

estimate of the actual residence time produced by the interaction of wind-,
tide-, ang density-{nduced motiong ia approximately 3 months,

Thus, it can be concluded that density-indyuced motions do not contribute

aubstantially to the flushing of the lagoons. In both cases, it ig the

shallowneas of the lagoons and the uniformity of conditions which diminish

the horizonta) advective motions. 1t wag also shown by Lee and Rooth (3, 4)
that flushing of interior lagoon waters by tidal processes is very weak,
Tesulting in residerce times on the order of a year. Therefore, it is believed
that wind-generateq ¢irculations are the dominant renewal mechaunisms responsible

for Y-mon
the th residence time of these shalloy embayments,
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Although horizontal density gradient-induced flows were found to be
insignificant in flushing Biscayne Bay and Card Sound, there are many
estuaries where this mechanism may be important., For Instance, Eq. 23 and
Fig. 3 show that as depth increases, the horizontal density gradient can
exert more 'leverage," thus increasing the flux and decreasing the residence
time, Also, as the basic forcing (density gradient) increases or the hori-
zontal length scale (L} of the density gradient decreases, the residence time

will decrease, both of which can occur in estuaries with narrow frontal zones,
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NOTATION

rectangular Cartesian coordinates: x positive to the
east; y positive to the north; 2z positive upwards;
Coriolis parameter;

velocity components in the x, ¥, z directions, reaspectively;
vertical and horizontal (x-component) Austach coefficients;
vertical and horizontal (x-component) diffusion coef-
ficients, regpectively:

pressure;

denaity;

dcceleration of gravity;

specific volume;

velocity components and density as a function of x only;
velocity components and density as a function of x and zZ;
mean water depth;

stream function:

modal number;

symbol for scaled variable (non-dimensional);

dimensional form of velocity components;

herizontal length scale;

Karmen coeffecient;

friction velocity;

total stress;

Prandtl number;

Elman mumber;

Rayleigh number;
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total mass flux;

scaled wass flux;

residence time scale;

fonstant of proportionality;

symbol for time derivative;

effective period of slack tide;

angular tidal velocity:

tidal amplitude of the vertical Austach and diffusion
coefficients, respectively;

time; and

ratios of the steady state conversion scales to acceleration

case conversion scales for u* gnd p*, respectively.




